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Abstract

In this work, solutions of the Yang-Baxter equation with exceptional Lie group symmetries are obtained and analyzed.
First, we construct the exceptional Lie algebra g2 and find a solution of the Yang-Baxter equation possessing G2 symmetry.
The structure of the obtained solution is explained in terms of irreducible representations of G2. We then perform the same
steps for the exceptional Lie group Fy. Finally, we construct the exceptional Lie algebra ¢¢ and provide some ideas about the
form of the solution with Es symmetry.

1 Introduction

The Yang-Baxter equation is the cornerstone of integrability of quantum theories. The equation also arises in various other
fields, for example, statistical mechanics, knot theory and braid theory ([I]). In this work we investigate the class of solutions of
the Yang-Baxter equation that possess simple Lie group symmetry, as it plays an important role in quantum integrability theory
and 2D scattering theory.

The text is organized as follows. In Section [2] we give basic definitions related to the Yang-Baxter equation, outline its
properties and provide a simple example. Then, we consider the two smallest simple Lie groups G2 and Fj in Sections 3| and
[l For each the respective Lie algebras are constructed and the respective solutions of the Yang-Baxter equation are found. We
analyze both solutions from the point of view of representation theory and give relations between tensors that can be used to
express the solution. Finally, in Section 5| we construct the basis of the exceptional Lie algebra eg and provide some ideas about
the form of the solution with EFg symmetry.

2 Yang-Baxter equation

2.1 Basic definitions

We will define the Yang-Baxter equation and other relevant terms, following [2] [3 4].
Let R (u) be a parameter-dependent operator that acts in C™* ® C". The Yang-Baxter equation for the operator R is

RYF2 (w) RIVES (u+ v) REE (v) = RE2ES (v) RS (u+v) RIP (u), (1)

J1j2 11]3 i2i3 J2J3 J1i3 i1z

where u and v are spectral parameters.
The operator R is invariant with respect to simple Lie group G (called G-invariant), if for each element A of the Lie algebra
associated with G the following identity holds:

[A®T+1® A, R(u)] =0. (2)
The operator R satisfies the unitary requirement, if such a function p (u) exists that the following condition is met:

RIE2 (w) RETY (—u) = pu(u) 657552 (3)

J1J2 G211 i1 Ci2

2.2 Important properties

It is easy to see that if an operator R (u) is a solution of the Yang-Baxter equation (I]), then f (u)R (u) and R (au) are also
solutions for any arbitrary function f (u) and parameter a. In other words, the Yang-Baxter equation allows argument
scaling

u — au, (4)
and solution scaling
R(u) = f (u) R(u). ()
Let I be the identity operator and let P be the permutation operator, defined as follows:
kika _ ckisk kiko _ ski sk
I’i1i22 - 5i1 61:227 Pi1i22 - 6i2 6i12 (6)

One can prove via a direct substitution that these two operators are constant solutions of , and (3)) .



2.3 Example
The solution of the Yang-Baxter equation with GL (n, C) symmetry is given by

R(u)=u-I-P, (7)
where I and P were defined previously in @ Let us check that is a solution of the Yang-Baxter equation :

LHS = R (u) RIS (u+v) REE (v) = (u- T = P)52 (u+v) - T — PYI1 (v I — P22 =

J1J2 1173 i3

=u(u+v) véfll 55226533 —u(u+v) 5511 (5532 (5523 — uvéf; (55; (5;“13 — (u+v) véf:; 5?126533—#
K1 sko sk K1 sko sk k1 ko sk K1 ko sk:
Uy 0207 4 (w4 v) 6510720, + vy 052070 — 0,1 057052,

RHS = RE2F> (v) RV (u+0) RV (u) = (v T = P)25 (u+v) - 1 — P)S0 (u- T — P)J2 =

J2J3 J1t3 1112 J2J3
_ k1 sko ks k1 sko sk3 k1 sko sk3 k1 sko ks
=u(u+v)vo; 0,702 — v (u+v) 8 820,72 — vud; 6;76;° — (u+v) ud; ! 6;720;7+

k1 sk k1 gk : k1 ko ok k1 cko sk
+udk R R o (u+ v) 6F16F2 gk 4 wof g gke — gl gha gk,

3 Tt1 1 2 T3 1

The direct substitution yields that the right hand side and the left hand side are identical. Hence, is indeed a solution of the
Yang-Baxter equation . The R-matrix is called Yang’s R-matrix.

2.4 Other forms of the Yang-Baxter equation
One can rewrite the Yang-Baxter equation in the form
Ri2 (u) Rz (u+v) Rag (v) = Ras (v) Ruz (u+v) Ria (u),

where the indices denote the subspaces, in which R acts nontrivially. With this notation, the unitary requirement can
expressed as follows:

Riz (u) Ro1 (—u) = p(u) Z,

where 7 is the unit operator.
The braid form of the Yang-Baxter equation is

RiRyRy = RyRy Ry,
where Ry = PioRyo, Ry = P53 Ro3 is the braid form of the operator R, and Py = 5?21 5?12, Py3 = 522 511-“23 are permutation operators
that act on the corresponding subspaces.

3 Solution with Gy symmetry

3.1 Exceptional Lie algebra g,
The exceptional Lie group G2 can be realized as the automorphism group of the octonionic algebra O and its Lie algebra g, can

be realized as derivations of Q.
We will refer to [5] for the notations of the octonions. Let eg = 1, ey, ... , e be the standard basis for @ with the multiplication

table, given in Tab. The multiplication rules of the imaginary octonions can be depicted via the Fano plane (Fig. .

Table 1: Octonion Multiplication Table

[ [ e [ e2 [ es [ ea [ es [ es [ er |
€1 -1 €4 (&4 —€9 €g —e€5 —e3
€9 —€y4 -1 €5 €1 —€3 (544 —€6
€3 —er —e€s5 -1 €g €9 —€4 €1
€4 es —e1 | —eg | —1 er es —es
€5 —€g €3 —€9 —er -1 €1 €4
€g es —er eq —e3 | —e1 | —1 es
(e1rd €3 €g —e1 €5 —e€4 —€9 -1




Figure 1: The Fano Plane

Let fi;i be the structure constants of octonions given by
€ - ej = —0; + fijker, (8)

where indices 4, j, k € 1, 7.
From the multiplication table we can conclude that f;;; is antisymmetric in the first two indices. Using this fact, we obtain
following identity:
€i€j + €€, = —25” (9)

The elements of the Lie algebra go are derivations of @, hence the following condition must be satisfied:
Vd € gaVo1, 00 € O d(01-02) =d(01) 02+ 01-d(02). (10)
Let us denote the coordinates of d (e;) in the standard basis for O as d;j:
7
d (6,) = Z dikek.
k=0

We calculate d (1 -1) in two different ways, using ([10)):

d(1-1)=d(1)-1+1-d(1)=2d(1).
Consequently,
d(1)=0. (11)
In coordinate form
dop, =0Vk €0, 7. (12)

Now we calculate d (e; - ¢;) Vi € 1, 7 in two ways, using :

d(e;-e;)=d(ef) =d(-1)=—d(1) =0,

7
d (62' . ei) =d (61) -e; € d (61) = 2di061‘ + Z dik (ekei + eiek) = Qdioei — 2d”
k=1
It follows that
dio = di; = 0. (13)
We express d (e;), i € 4, 7, via d (¢;), j € 1, 3, using :

d (64) = d(€1 . 62) = d(€1) €2 + €1d(62) R
d(es) =d(es-e3) =d(ez)es+ ead(e3), (14)
d(eg) =d(es-eq) =d(e3)eq + ezd(eq),
d(67) = d(€1 . 63) = d(61) €3 + eld(eg) .



Let us substitute the coordinate form of d (¢;), j € 1, 3, into and use the relation . As a result, we obtain the following
relations:
di2 +do1 =0, daz+dz2 =0, dis—dar+dza=0, diz+ds =0.
It follows that
dig = —do1, d31 = —diz, d3z2 = —doz, d3a=dor — ds5. (15)

The relations , and are sufficient for the condition to be satisfied. Thus, we have obtained the general form
of a derivation of @. We can now express the general form of an element X of the Lie algebra gs as a matrix, which represents the
action of derivation of the imaginary octonions ey, ..., e7. For the sake of convenience we rename the remaining independent
components of d (e;):

dio = p1, diz —p2, dis—p3, dis—>ps, dig—ps, dir —ps, doz —> pr,

16
dog — pg, dos — po, dag — P10, dar — p11, d3s — pr2, dzg — P13, d3r —> P14. (16)
After the replacement we obtain the general form of X € gs:

0 —m —p2 —ps3 —P4 —Ps —Ps

pt O —p7 —ps —Po —P10 —p11

P2 P7 0 P4 — P11 —p12 —p13 —P14

X=| p3 ps Pi11—pa 0 p2+pio —P6e—Po Ps—Dpr |- (17)

P4 Do P12 —p2 — P10 0 ps+ P14 P1— P13

D5 P1o D13 Pe+ P9 —DPs—Pia 0 P12 — D3

Deé P11 D14 P7 — D5 P13 —p1  P3— P12 0

The basis for go can be obtained by expressing the general form as a sum of parameters p; multiplied by the basis
matrices. However, in our case it is convenient to choose a basis, for which the Killing metric g, is diagonal:

Gab X Tr (TaTb) = —5,11,. (18)

The basis {Ta};il for go was constructed with the help of the Wolfram Mathematica program presented in App. The basis
for go we obtained is presented in App.

3.2 Construction of the solution

Having obtained the basis of the Lie algebra gs in 3.1} we can now define the split Casimir operator as follows:

1k b k k
Ciliys < =9% (Ta);; (Th);; (19)
where ¢ is the inverse of the Killing metric (18)). Tensor satisfies for all A € go. To construct the solution of the
Yang-Baxter equation we will use the tensors I and P, which we defined in @ and which satisfy as well, and two more
tensors — the symmetric and antisymmetric parts of tensor C"
kiks (ki) L ( kk Kok kiks  ~lkike] L (ki kok

Sitis =Ciiy = 5 (Ci11i22 + 01'121'21) , Asir =0 = 3 (Ci11i22 - Cifigl) . (20)

Since C’ikllilzz is symmetric with respect to simultaneous transposition of upper and lower indices, tensors .S and As are symmetric

and antisymmetric both in upper and lower indices.
We will seek the solution of the Yang-Baxter equation in the form

REE () = fu () I8 + o () P 4 (0) S5 + o () Astzfe, )

i1 112 i1z 1182 112
For the functions in we will use the following substitution:
fr(w) =u® + a1ou® + anu + aro,  fo (u) = aniu+aze,  f3(u) = agu® + agiu+ aso,  fi(u) = apu’ +anutagp.  (22)

Plugging into the Yang-Baxter equation (I]), we obtain a system of equations for the unknown coefficients of functions in
. We used the Wolfram Mathematica program presented in App. to find the coefficients:

3 5
2 2 3 2 2
12 = —50a2, (11 = G, 010 = 0, as; = § %2> 020 = ~glag, 032 = (a2, G31 = — 30y, 030 = 0, as1 = —ajy, asp =0. (23)



Thus, the solution of the Yang-Baxter equation is

3 5 1 1 2
R(u) = <u3 — §a42u2 + 9a32u> I+ <6a22u — 9a22> P+ <a4gu2 — 3a§2u> S+ (0,4211,2 — a?gu) As. (24)

The coefficient a4 can be chosen arbitrarily, as follows from the argument renormalization . For the sake of convenience we
set aqo = 6 and write the corresponding solution as

R(u) = (u® — 9u® 4 20u) I + (6u — 24) P + (6u* — 24u) S + (6u® — 36u) As. (25)
The solution of the Yang-Baxter equation satisfies the unitary requirement , where

p(u) =—=(w—=06)(u—4) (u=1)(u+1)(u+4)(ut6).

3.3 Analysis of representations

In case of Ga, the operator R acts on the space C” @ C7 of dimension 49. This space can be decomposed into a direct sum of
spaces of symmetric and antisymmetric tensors, we will denote them as [28] and [21], according to their dimensions. The G,
group has 4 irreps of dimension less than 49, we will denote them in a similar fashion: [1], [7], [14] and [27]. Now we decompose
the spaces [28] and [21] into a direct sum of spaces of irreps of Gs. It is easy to guess the decomposition from the dimensions
of the spaces: [28] = [1] 4+ [27], [21] = [7] + [14].

It follows from this decomposition that the operator R should be constructed from the projectors onto these irreps, which
we will denote P, Pr, P14 and Po7. The projectors satisfy the following relations:

,P{Pj = 517'7)1', (26&)
> Pi=1, (26b)

where i, j € {1, 7, 14, 28} and Z is the unit operator. From these relations one can work out the formulas for the projectors:

1 3
’Pl—ﬂ‘(I+P)+?'S,
Pr = As,
1 (27)
7314:§(I_P)—A57
3 3
=2(I+P)-2.5.
Par - (I+P) =
3.4 Tensor relations and expressions for projectors
Let us consider a symmetric tensor K:
Kiklli];z _ 5’@1’@251_”_2. (28)

It turns out that K can be represented as a linear combination of symmetric tensors I + P and S:
1
K:§~(I+P)+3~S. (29)

From and we can work out the formulas for the projectors, involving tensor K:

1
Pl - ?K,

1 1
=—-(I+P)—- =K.
Par ) (I +P) -
Let us consider tensor F":
Fk1k2 — fk1k2mf, .
i192M )

Zliz
where f;;1, are the octonionic structure coefficients, defined in . Tensor F is antisymmetric and turns out to be proportional
to As:
F=6-As. (31)



From and we can find the relations between the projectors and tensor F":

7)7 = EF,
1 1 (32)
Puyu=-=UI—-P)— =F.
1= 5 )= &
In fact, irrep [7] is action of G on the imaginary octonions, so Pz is proportional to F.
Let us consider the modified Casimir tensor (compare to (19)):
Clahe = (1) (1), - (33)
Tensor C' is antisymmetric and can be expressed as a linear combination of antisymmetric tensors I — P and As:
~ 1
C:§(I—P)—As. (34)
From and we can see that B
Pra=C.

Indeed, from the definition (33) of the modified Casimir tensor we can see that C is the projector onto the adjoint representation,
which we denoted [14].

The expressions for the projectors and are the same as in [2]. Using the relations , one can show that our result
and that, obtained in [2], are equivalent up to scaling.

4 Solution with F; symmetry

4.1 Exceptional Lie algebra f,

We construct the f; algebra, following [6].
The exceptional Lie group Fy is the automorphism group of the exceptional Jordan Algebra Js, which consists of 3 x 3
octonionic hermitian matrices. The general form of an element A € J3 is

a; 01 02
A= 01 a2 03 R (35)
02 03 as

where a; € R, 0; € O. The product in J3 is defined by the following formula:
1
AoB:i(A~B+B~A) VA, B € Js. (36)

Let us validate the definition by calculating the product of two matrices A, B € J3 of general form:

ay 01 09 bv p1 P2
A=V2| o1 ay o3 |, B=V2| o1 b ps
02 03 as P2 D3 b3

The formula yields

2a1by1 + 0101 + 02P2 + p101 + P20z (a1 + a2)p1 + (b1 +b2) 01 + 023 + p203 (a1 + as) p2 + (b1 + b3) 02 + 01p3 + p103
(a1 + a2) p1 + (b1 + b2) 01 + 03D2 + P30z 2a2by + 01p1 + 03D3 + P1o1 + P303 (a2 + a3) ps + (b2 + b3) 03 + 01p2 + 03b3
(a1 +a3)p2 + (b1 +b3) 02 +03p1 +P301 (a2 + as) Pz + (ba + b3) 03 + 02p1 + D201 2a3b3 + 02p2 + 03p3 + D202 + D303

which is an element of J3, since for two arbitrary octonions the following identity holds:
0103 = 03 01 Vo1, 0o € Q.

Therefore, the formula gives a valid definition of multiplication in J3.

The exceptional Lie algebra f4 is the algebra of derivations of J;. Note, that any matrix in Js is defined by 27 real values: 3
real values on the main diagonal and 8 components of the 3 octonions above the main diagonal. This one-to-one correspondence
allows us to treat R27 vectors as J3 matrices and define product in R?7 in the following fashion:

zoy=2a (7' ()o@ ! (y) Yz, y € R,



where ® : J3 — R%7 and ®~! : R?” — J3 denote the aforementioned identification. Using these conventions,f, can be represented
as an algebra of real 27 x 27 matrlces. Each element M € f4 is a derivation of Js3, hence the identity must hold:

M- (xoy)= (M- -x)oy+azo(M-y) Vo, y € R*".

The relations between the components of the matrix M that follow from this identity can be solved to obtain the general form
of an element M € f4.
We construct a basis {Ta}22:1 in f4 that satisfies two conditions: the last (27th) row and column of all basis matrices are zero

and the Killing metric g, is proportional to
Tr (T,Ty) = —6d4p-

This basis was constructed by means of Wolfram Mathematica, the program is presented in App. [B:Il The basis for f4 we
obtained is presented in App.

4.2 Construction of the solution

Following the construction of the solution with G5 symmetry, we still use symmetric S and antisymmetric As parts of the Casimir

tensor C' (see and ( .

ki k k kik kik kok ik L/ kk kok
07,11122 a (T ) ! (Tb)lg ’ 5111122 = (0111222 + 0112121) ’ A5i11i22 = 5 (0111122 07,127,21> ’
where {T,} is the §4 basis, which was obtained in the previous section.
We will also use tensor K as defined in (28):
Kklkz — Jkle(S

1112 Q112
We will seek the solution of the Yang-Baxter equatlon in the form
E1k kik kik ik Eik ik
Ryl (w) = fo(w) I + fa (u) Pil® + fs (w) K5 + fa(u) 5337 + fs (u) Asili? (37)
For the functions in we will use the following substitution:
a1u asu c1u Call c3u diu dau
fl(u):7u+ : ’ f2(u):1+ 2 ’ f3(u): : + 2 + & ) f4(u): : ) f5(u): 2 . (38)
u—p1 U —p1 U—pr U—p2 U—P3 U —p1 U —p2

Plugging into the Yang-Baxter equation , we obtain a system of equations for the unknown coefficients of functions in
. We used the Wolfram Mathematica program presented in App. to find the coefficients:

3 8
ay = _17 as = _17 1 = 17 C2 = g’ €3 = _37 dl = _2; d2 = _27 pP1 = 61 b2 = 4’ b3 = 9. (39)
Thus, the solution of the Yang-Baxter equation is
U U U 3u Su 2u 2u
Ru=|-u——]-1 1—-— — K — -8 = A 40
(u) ( “ u—6> +< —6) < ~6 " 5(u—4) 5(u—9)) u—6 w1 A W0

The unitary requirement for is satisfied when

4.3 Analysis of representations

In case of Fy, the operator R acts on the space C?% ® C?5 of dimension 676. This space can be decomposed into a direct sum of
spaces of symmetric and antisymmetric tensors, we will denote them as [351] and [325], according to their dimensions. The F}
group has 5 irreps of dimension less than 676, we will denote them in a similar fashion: [1], [26], [52], [273] and [324]. Now let us
decompose the spaces [351] and [325] into a direct sum of spaces of irreps of Fy. The symmetric space [351] includes the trivial
irrep [1]. It is easy to guess the decomposition from the dimensions of the spaces: [351] = [1]+ [26]+ [324], [325] = [52] +[273].

It follows from this decomposition that the operator R should be constructed from the projectors onto these irreps, which
we will denote Py, Pag, Ps2, Pors and Psay. The projectors satisfy the following relations:

PiP; = 0P,

> Pi=1,

where 4, j € {1, 26, 52, 273, 324} and Z is the unit operator.



4.4 Tensor relations

Let us consider the modified Casimir tensor, defined as in :

Shiks kik
Ci11i22 - (Ta) e (Ta)i1i2 .

Tensor C is antisymmetric and turns out to be proportional to As:

C=2-As. (41)

Since C is the projector on the adjoint representation, as noted in 1) we obtain

We can see a direct analogy between go and f4, which we realized as derivations of O and J3 respectively. In case of go we
defined tensor F' using the octonionic structure constants f;;x. Using an analogous formula, we define tensor D for f4:

kik m
Di11i22 = dklkz dili2m7 (43)

where dgp. are structure coefficients of Js algebra. We calculate dgp. in basis { ja}Zil that corresponds to the construction of f4
we presented in
ja © jb = Céab + dabcj07 (44)

where o denites the product (36). Since the product in J3 is commutative, the structure constants are symmetric in the first
two indices: dgpe = dpge- Thus, D is symmetric. As it turns out, tensor D can be represented as a linear combination of tensors

that we used to find the solution: ) 5
-I+P)—=-K+=-85. (45)

p-1t
3 3 3

5 Solution with E; symmetry

Up to now the explicit form of the solution of the Yang-Baxter equation with the Eg symmetry remains unknown. We will
provide some results and considerations regarding this problem.

5.1 Exceptional Lie algebra ¢g

We define ¢ and construct the basis, following [7].

The exceptional Lie algebra eg is spanned by the algebra of derivations of J3 and the algebra Ry of right multiplications of
traceless Js3 matrices. Hence, the basis for SRy complements the basis for §f4, which we obtained in section to the basis for
¢g. For convenience, we

Tr (TaTb) = *65ab~

The complete basis for eg was obtained via Wolfram Mathematica, the program code is presented in App.

5.2 Analysis of representations

In case of Fg, the operator R acts on the space C?” @ C?7 of dimension 729. This space can be decomposed into a direct sum of
spaces of symmetric and antisymmetric tensors, we will denote them as [378] and [351], according to their dimensions. The Fjg
group has 9 irreps of dimension less or equal to 729, we will denote them in a similar fashion: [1], [27] and [27] (2 reps), [78],
[851], ;.4 (4 reps) and [650]. Now let us decompose the spaces [378] and [351] into a direct sum of irreps of Eg, using each
irrep only once. It is easy to guess the decomposition from the dimensions of the spaces: [378] = [351], + [27], [351] = [351],.

It follows from this decomposition that the operator R should be constructed from the projectors onto these irreps, which

we will denote Pa7, Pss1, and Pss1p. The projectors satisfy the following relations:
PiP; = 0i;P;,

> Pi=1,

where i, j € {27, 351a, 3510} and Z is the unit operator.



5.3 Tensor relations

We know two invariant tensors I and P. Thus, at least one more tensor is required in order to construct the projectors, which
is probably the Casimir operator. Knowing all the tensors that constitute the projectors Po7, P3514 and Pss1p, it is not hard to
find the solution of the Yang-Baxter equation. In fact, the structure of the solution with Eg symmetry in terms of projectors is
given in [3].

6 Conclusion

In this work we have found the solutions of Yang-Baxter equation with G5 and F; symmetry, given in and . The
structure of these solutions was analyzed from the point of view of representation theory. We have also provided some thoughts
based on representation theory about the form of the solution with Fg symmetry, which remains to be found in the future.
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A Solution with G5 symmetry
A.1 Construction of a basis for g,

octBaseNames=Array e, 8];
octBase=IdentityMatrix [8];
octListForm [x_|:= Coefficient [x, octBaseNames |;
octMultiplicationTable={
{el1],el2],e[3],e[4] e[5],e[6],e[7], e8]}

{6[2]7_8[1] 76[5] 76[8]7_6[3] 76[7]7_6[6]7_6[4]}7
{6[3]7_6[5]7_6[1] 76[6] 76[2]7_6[4] 78[8]7_6[7]},
{6[4],76[8],76[6],76[1] 76[7] 76[31576[5] ,6[2]},
{6[5] 76[3]7_6[2]’_6[7]7_6[1] 76[8] 76[4]7_6[6]}7
{6[6]7_6[7] 76[4]7_6[3]’_6[8]7_(3[1] 76[2] 76[5]},
{6[7] 76[6]776[8] 76[5]776[4]776[21576[1] 56[3]}7
{e[8],e[4] ,e[7],—e[2] ,e[6],—e[5],—e[3],—e[1]}};
octProduct [x_,y |:=octListForm [Sum[x[[i]]*y[[]j]]* octMultiplicationTable [[i,]j]],.{1,8},{j,8}]];
octConjugate [x_|:=Join[{x[[1]]}, —x[[2:;8]]];
octNormSquare [x_|:=Sum|[x[[i]]~2,{i,8}];
diffMatrTransposed={
ConstantArray [0,8],
Join[{0,0},Array[a,6,3]],
Join[{0,b[2],0},Array[b,5 ,4]],
Join[{0,c[2],c[3],0},Array[c,4,5]],
{}7{}7{}7{}}7
diffBaseOct [i_]:=diffMatrTransposed [[1]];
diffProdBaseOcts[i_,j |:=octProduct|[diffBaseOct[i],octBase[[j]]]+

octProduct [octBase [[i]], diffBaseOct[]]];
recalcDiffMatrT [|: =Module[{},

diffMatrTransposed [[5]] = diffProdBaseOcts [2,3];

diffMatrTransposed [[6]] = diffProdBaseOcts [3 ,4];

diffMatrTransposed [[7]]= diffProdBaseOcts [4 ,5];

diffMatrTransposed [[8]] = diffProdBaseOcts [2 ,4];];
recalcDiffMatrT [];

paramExclude={b[2],c[3],c[5],c[2]};

paramSubstitution=Solve[Table[diffMatrTransposed [[i,1]]==0,{i,5,8}],paramExclude |[[1]];
diffMatrTransposed=diffMatrTransposed /. paramSubstitution;

recalecDiffMatrT [];

ruleRenameParams=Thread [ Join [Array[a,6 ,3],Array|b,5 ,4],Array|[c,3,6]] — >Array[p,14]];
g2GeneralForm=Drop [ Transpose [ diffMatrTransposed | /.ruleRenameParams,{1} ,{1}];

rulesReplaceBase=Table[{p[i]—->1,p[x_|—>0},{i,1,14}];

g2StandardBase=g2GeneralForm /. rulesReplaceBase;
g20rthonormalBase=Join[g2StandardBase [[1;;6]] /2,
{g2StandardBase [[7]]| + g2StandardBase [[5]]/2}/Sqrt[3],
{g2StandardBase [[8]]/2},
{g2StandardBase[[9]] — g2StandardBase ||
g2StandardBase [[10]] — g2StandardBase [|
g2StandardBase [[11]]+ g2StandardBase ||
g2StandardBase [[12]]+ g2StandardBase [[
g2StandardBase [[13]]+ g2StandardBase [|
g2StandardBase[[14]|] — g2StandardBase [|
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A.2 Basis for g,

The basis for go we obtained is

1 1 1 1
T = §M57 - §M12, Ty = §M45 - §M13,
1 1 1 1
T3 = —§M14 - §M677 Ty = §M34 - §M15,
1 1 1 1
Ty = =My — =M Ts = —=Mys — =M
5 = 5 Mar — S M, 6 5 M7 — 5 Mus,
Mg  Mas My 1 1
Ty =26 M AT s — - Mo,
7 2\/:,; \/g 2\/§ 8 D) 56 5 24
Mz Mys My Mz My Mys
Ty = - - ) T = - + ’
2v3 V3 2V3 2v3 V3 2V3
Ty, = M5 My Mgy Ty, = My Mss n M7
2v3 V3 2V3 2v3 V3 2V3
Ty = My Msg  Msy Ty, = May  Msz n Ms¢
T3 V3 2vB 23 V3 2v3

where M;; = E;j — E;; are generators of so (7).

A.3 Solution of the Yang-Baxter equation

tensI=Table | KroneckerDelta|[kl, il |* KroneckerDelta[k2,i2],{kl,7},{k2,7},{il,7},{i2,7}];

tensP=Table [ KroneckerDelta|[kl,i2 |«KroneckerDelta[k2,i1]|,{kl,7} ,{k2,7},{i1,7},{i2,7}];

tensC=Table [Sum|[g20rthonormalBase [[a,kl,il ||+ g20rthonormalBase [[a,k2,i2]],{a,14}],
{k1,7},{k2,7},{i1,7} ,{i2,7}];

tensS=Table[(tensC [[kl,k2,il,i2]|]+tensC [[k2,k1,i1,i2]])/2,{kl,7},{k2,7},{i1,7},{i2,7}];

tensAs=Table[(tensC [[kl,k2,il,i2]|] —tensC [[k2,k1,i1,i2]])/2,{k1,7},{k2,7},{i1,7},{i2,7}];

params={al2,all, al0,a21,a20,a32,a31,a30,a42, a4l ,a40};
tensR[x_ ][kl ,k2 il ,i2 |:=tensR[x][kl,k2,il ,i2]=
tensI [[kl,k2,i1,i2]]*(x"3+al2xx"2+allxx+al0)+
tensP [[k1,k2,i1 ,i2|]*(a21xx+a20)+
tensS [[k1,k2,i1,i2]]*(a32xx"2+a31xx+a30)+
tensAs [[k1,k2,i1 ,i2]]*(ad2xx"2+adlxx+ad0);

eqnYB [kl k2 k3 ,il_,i2_,i3 |:=
Sum|tensR [u][kl,k2,j1,j2]*tensR[ut+v]|[jl,k3,il,j3|«tensR[v][]j2,]j3,i2,1i3]—
tensR[v][k2,k3,j2,j3]|+«tensR[ut+v][kl,j3,j1,i3|xtensR[u]|[jl,j2,i1,i2],{j1,7},{j2,7},{i3,7}];

coeffs={};

Table| coeffs=Union|[ coeffs ,
Replace| CoefficientRules [eqnYB [kl ,k2,k3,il1,i2,i3],{u,v}],{Rule[List[u_,v_|,c |->c},2]];,
{k1,7} {k2,7},{k3,3},{i1,1},{i2,1},{i3,1}];

solns=Solve|Table|coeffs [[1]]==0,{i,Length|[coeffs]}]|, params];

soln=Select [solns , ! MemberQ[# ,a32 — >0]&][[1]];

B Solution with F; symmetry
B.1 Construction of a basis for f,

octBaseNames=Array e, 8];

octBase=IdentityMatrix [8];

octListForm [x_|:= Coefficient [x, octBaseNames |;

octMultiplicationTable={
{ell],e[2],e[3],e[4],e[5] e[6],e[T],e[8]},
{6[2]7_6[1] ’6[5] ,6[8],—6[3] 76[7]7_6[6]’_6[4]}7
{6[3]7_6[5]7_6[1] 76[6] ’6[2]7_6[4] 76[8]7_6[7]}>
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{6[4],76[8],76[6],76[1] ’6[7] 76[31376[5] 76[2]}7

{6[5] 76[3]7_6[2]7_6[7]?_6[1] ?6[8] 76[4]7_6[6]}?

{6[6],—6[7] 79[4]7_6[3]7_9[8]7_6[1] 76[2] 79[5]}»

{6[7] 76[6]’_6[8] ’6[5]7_6[4]7_6[2]7_6[1] 76[3]}7

{6[8] 76[4] 76[7]7_6[2] 76[6]7_6[5]7_6[3]7_6[1]}}5
octProduct [x_,y |:=octListForm [Sum[x[[i]]*y[[]j]]* octMultiplicationTable[[i,j]],{1,8},{i,8}]];
octConjugate [x_[:=Join[{x[[1]]}, —x[[2:;8]]];
octNormSquare [x_|:=Sum|[x[[i]]~2,{i,8}];

jordanToR27 [AA_|:=Join|
{AA[[l )1 71]]} 7AA“1 )2 ,1§§8” :AA[[l )3 >1§§8” 7{AA[[2 ,2 71”} ’AAHQ )3 »1998” 7{AA[[3 '3 71”}]9
r27ToJordan [vv_|:=Module[{al,a2,a3,0l,02,03,0lc,02c,03c},
al=a2=a3=ConstantArray [0 ,8];
al [[1]]=vv [[1]];a2[[1]]=vv[[18]];a3[[1]]=vv[[27]];
ol=vv [[2;;9]];02=vv[[10;;17]];03=vv[[19;;26]];
olc=octConjugate[ol]; 02c=octConjugate[02]; 03c=octConjugate[03];
{{al,01,02},{olc,a2,03},{02c,03c,a3}}];
octMatrProduct[a_,b |:=Table[Sum[octProduct[a[[i,k]],b[[k,j]]],{k,3}],{i,3},{j,3}];
jordanProduct[a_,b |:=1/2(octMatrProduct|[a,b]+octMatrProduct[b,a]);
r27Product [x_,y ]:=jordanToR27[jordanProduct [r27ToJordan [x],r27ToJordan[y]]];

X=Array[x,27];

Y=Array [y ,27];

M=Array [m, {27 ,27}];

diff=M.r27Product [X,Y]—r27Product [M.X,Y]—-r27Product [X,M.Y];
elemsDiff=Flatten [Table|[x[i]xy][j],{1,27},{]j,27}]];
coeffsDiff=DeleteCases|Flatten | Table| Coefficient [ diff [[k]], elemsDiff],{k,27}]],0];
solM=Solve|[Table| coeffsDiff [[i]]==0,{i,Length|[coeffsDiff]|}],Flatten [M]];
MM/ solM [[1]];

freeParams=Union | Cases [M,m[x_,y |, Infinity ]];

ruleRenameParams=Thread | freeParams—>Array [p,Length|[ freeParams |]];
f4GeneralForm=M/.ruleRenameParams;

rulesReplaceBase=Table[p|j]—>KroneckerDelta[i,j],{i,Length|freeParams]|},{j,Length[freeParams]}];
f4StandardBase=f4GeneralForm /.rulesReplaceBase;

killingForm [a_,b_|:=Suml[a[[i,j]]*«b[[]j,1]],{1,27},{],27}];

killingNormSquare [a_|:=killingForm [a,a];

killingProject [a_,b_|:=killingForm[a,b]|/killingForm [b,b]xb;

f40rthogonalBase={};

Table [AppendTo| f4OrthogonalBase ,f4StandardBase [[1]] —
Sum| killingProject [f4StandardBase [[i]],f4OrthogonalBase [[j]|]],{]j,i —1}]];,
{i,Length|[f4StandardBase ] }];

f4OrthonormalBase=Table|
Sqrt[—6/killingNormSquare [ f4OrthogonalBase [[i]]]]* f4OrthogonalBase[[i]],{1i,52}];
rot1Mat27=EE=IdentityMatrix [27];
rot1Mat27[[1]]=(EE[[1]] —EE[[18]])/Sart[2];
rot1Mat27[[18]]=(EE[[1]]+EE[[18]] —2*EE[[27]])/Sart [6];
rot1Mat27 [[27]] = (EE[[1]] +EE[[18]] +EE[[27]])/ Sart [3];
invRot1Mat27=Transpose [rot1Mat27|;
f4OrthonormalBase=Table [Drop|[rot1Mat27.f4OrthonormalBase [[i]].invRot1Mat27 {27} ,{27}],{1,52}];
rot2Mat26=IdentityMatrix [26];
rot2Mat26[[1,1]]=1/Sqrt[2];
rot2Mat26[[18,18]]=1/Sqrt[2];
invRot2Mat26=Inverse [rot2Mat26 | ;
f40rthonormalBase=Table[ Simplify [rot2Mat26 . f4OrthonormalBase [[i]].invRot2Mat26],{i,52}];
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B.2 Basis for j,

The basis for {4 we obtained is

1 1 1 1 1 1 1 1 1 V3
T = —§M1 19 + §M210 + §M311 + §M412 + §M513 + §M614 + §M715 + §M816 + §M917 + 7M1819>
1 1 1 1 1 1 1 1 1 V3
Ty=—-M “Mai1 — =Mz — =My1g — =M, “Mg1z — =M M ~ M, YoM
2 5 120+2 211~ 5 M0 = 5 Maa = 5 517+2 612 ~ 5 716+2 815+2 913 + 5 1820,
1 1 1 1 1 1 1 1 1 V3
Ty=—-M ~ M. Mg — =My — =Ms 15 — =M, “Mrg — =M, ~ M, Y M
3 5 121-&-2 212+2 314 — 5Mar0 = 5 Ms15 — 5 611"’2 7137 5 817+2 916 1 5 Mis21,
1 1 1 1 1 1 1 1 1 V3
Ty=—-M ~ M. ~ M. “My1s — =Mz — =Mg 16 — =M ~Mga — =M, YoM
4 5 122+2 213+2 317+2 415 — 5Ms510 = 5 Me16 — 5 712+2 814~ 5 911 + 5 Mis22,
1 1 1 1 1 1 1 1 1 V3
Ts = —M —My14 — =M. —-M —~Ms16 — =Mg19 — =M717 — =M. — M. —M
5 5 123+2 214~ 5 312+2 411+2 516 — 5Me10 — 5 Mr17 — 5 813+2 915 1 5 s 23
1 1 1 1 1 1 1 1 1 V3
Te = —=M — M. —Ms16 — =M — M, —Mg17 — =Mr719 — =Mg11 — =M, —M
6 5 124‘5-2 215+2 316 ~ 5 413+2 512+2 617 = 5M710 — 5 Ms11 — 5 914 + 5 Mis24s
1 1 1 1 1 1 1 1 1 V3
T, = —M —My16 — =M. —My17 — =M. — M, —M711 — =Mg19 — =M, —M
7 5 125-5-2 216 ~ 5 315+2 417~ 5 514+2 613+2 T M0~ 5 912 + 5 825,
1 1 1 1 1 1 1 1 1 V3
Ts=——M My — =Mz — =M =M1, — =M, ~M ~Mg1s — =M, Y M
8 5 126+2 217 — 5 M313 = 5 416+2 511~ 5 615+2 714-1-2 812~ 5 910 + 5 M1s26;
Ty = M. —I—lM +1M 1M —I—lM +1M +1M 1M +1M
9 = Mgo + 5 Miorz + 5 Muna = 5 Mizis + 5 Mie1r + 5 Migar + 5 Mao2s = 5 Mazoa + 5 Mas 26,
1 1 1 1 1 1 1 1
Tio = Mzg+ =Mio1a — zMir12 + zMigie + = Mis17 + zMigaz — = Mago1 + = Mazos + = May 26,
2 2 2 2 2 2 2 2
T = M +1M 1M 1M +1M +1M 1M 1M +1M
1= Mrg+ g Mion = 5Mizia = SMizir + 5Misie + 5 Moo = 5 Mares = 5 Mazas + 5 Maaos,
To = M, 1M 1M +1M +1M 1M 1M +1M +1M
12 = Moo = 5 Mio01s = 5 Munne + 5 Mizaz + 5 Miaar = 5 Moo = 5 Maoos + 5 Maraz + 5 Maz 6,
1 1 1 1 1 1 1 1
T3 = Mgg + §M10 13 + §M11 17 + §M12 15 + §M1416 + §M1922 + §M2026 + §M2124 + §M23257
Ty = M, +1M 1M 1M +1M +1M 1M 1M +1M
14 = Moz + 5 Miorr = 5 Mz = 5 Maizae + 5 Muaas + 5 Migas — 5 Mooz = 5 Maras + 5 Maz g,
Tis = M. +1M 1M +1M 1M +1M 1J\J +1M 1M
15 = Mso + 5 Mo = 5 Mizia + 5 Mizar = 5 Misie + 5 Migao — 5 Maras + 5 Mazas — 5 Maas,
1 1 1 1 1 1 1 1
Tie = Msg — =Mig1a + zMi112 + s Miz16 + s Mis17 — zMigoz + - Mag21 + = Magos + = May s,
2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1
Ty = Ms7+ -Migi2 + s Mi11a + s Miz1s — zMig17 + zMigor + zMag2z + = Magos — = Mas 26,
2 2 2 2 2 2 2 2
Tis = M. +1M 1M —I—lM +1M —|—1M 1M +1M —l—lM
18 = Mse + 5 Mio16 = 5 Munas + 5 Mizar + 5 Mizia + 5 Migas — 5 Mooz + 5 Mar 26 + 5 Moz,
1 1 1 1 1 1 1 1
Tig = Myg — =Mio16 + =Mi115 + - Mi217 + - Mig1a — s Migas + - Magoa + - Moy 26 + - Moo a3,
2 2 2 2 2 2 2 2
Toy = M. +1M 1M —|—1M 1M +1M 1M +1M 1M
20 = Mag + 5 Mo017 = 5 Mins + 5 Mizie — 5 Mians + 5 Mi926 — 5 Mooz + 5 Mar25 — 5 Maz24,
Ts, = M. 1M 1M —I—lM +1M 1M 1M +1M +1M
21 = Mar = 50013 = 5 Mg + 5 Migis + 5 Miane — 5 M9z = 5 Mao26 + 5 Mar24 + 5 Moz 25,
Toy = M. +1M +1M 1M 1M +1M +1M 1M 1M
22 = Mae + 5 Mo + 5 Mi21a = 5 Mizar = 5 Misie + 5 Migoo + 5 Mai23 = 5 Moz — 5 Maaos,
1 1 1 1 1 1 1 1
Toz = Mys + §M10 15 + §M11 16 + §M12 13 + §M1417 + §M1924 + §M2025 + §M2122 + §M23267
Toy = M. 1M +1M 1M +1M 1M +1M 1M +1M
20 = Mzo = 5 Mo013 + 5 Mur = 5 Miois + 5 Muare = 5 Mi922 + 5 Mao2e — 5 Mar24 + 5 Moz s,
Tos = M. 1M +1M +1M 1M 1M +1M +1M 1M
25 = Mzg = 50015 + 5 Muiae + 5 Mi213 = SMuarr = 5 Migoa + 5 Maoas + 5 Mar22 = 5 Moz 26,
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1 1 1 1 1 1 1 1
Tos = M37 + =Mio16 + =Mi115 + = Mi217 — = Miz1a + mMigos + - Mogos + - Mo126 — Moo a3,

2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1
To7 = M3 — =Mio12 + =Mi11a + = Miz15 + = Mig17 — zMigor + - Mogaz + = Mazoy + = Mos 6,
2 2 2 2 2 2 2 2
Thg = M. +1M +1M 1M 1M +1M +1M 1M 1M
28 = Mys + 5 Mio17 + 5 Mz — 5 Mizie — 5 Mians + 5 Migee + 5 Ma022 = 5 Mares — 5 Moz,
1 1 1 1 1 1 1 1
Tog = M34+ Mig1a + zMi112 + s Miz16 — zMis17 + zMigas + = Mag21 + zMagas — = May 26,
2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1
T30 = Mag + §M10 17+ §M11 13 + §M12 16 + §M1415 - §M1926 — §M2022 - §M2125 - §M2324,
1 1 1 1 1 1 1 1
T31 = Mg + §M1016 + §M11 15 — §M12 17+ §M13 14 — §M1925 - §M2024 + §M2126 - §M2223,
T35 = M- +1M 1J\/[ —|—1M 1M 1M —|—1M 1M +1M
32 = Mar+ 5015 = 5Minae + 5 Mi213 = S Miarr = 5 Mi92a + 5 Mao2s — 5 Mar22 + 5 Moz 26,
T35 = M- +1M +1M 1M +1M 1M 1M +1M 1M
33 = Mae + 50014 + 5 Minne = 5 Mizie + 5 Misir — 5 Mi923 = 5 Mao1 + 5 Ma25 — 5 Maaz6,
Tsy = M. +1M 1M 1M +1M 1M —I—lM +1M 1M
30 = Mas + 50013 = oMy = 5 Migis + 5 Miane = 5 Mig2z + 5 Mao2e + 5 Ma124 = 5 Ma325,
Tss = M. +1M 1M —I—lM +1M 1M —I—lM 1M 1M
35 = Maa+ 50012 = oM + 5 Mizis + 5 Mierr — 5 Migar + 5 Mooz — 5 M2z = 5 Mas 26,
Tss = M- +1M +1M —|—1M +1M 1M 1M 1M 1M
36 = Maz + 5 Mo + 5 Mizua + 5 Mizar + 5 Misie — 5 Mi920 = 5Mares — 5 Maa26 — 5 Maazs,
1 1 1 1 1 1 1 1 1 V3
Tyr = =M ~ M. =M. = Myos — =M “Meos — =Mnog — =M, Mgy — =M
37 = 5 117+2 226+2 322+2 425~ 5 520+2 624 — 5 M723 = 5 821+2 919 5 s,
1 1 1 1 1 1 1 1 1 V3
Tsg = =M — M. —Mso4 — =M, —Mso3 — =Mgos — =M — M, —Mgo — —M
38 = 5 116+2 225+2 324 7 5 426+2 523 — 5Me22 — 5 720+2 819+2 921 5 Mis1s,
1 1 1 1 1 1 1 1 1 V3
Ts9 = §M1 15 + §M224 - §M325 + §M422 - §M521 — §M626 + §M719 + §M820 + §M923 - 7M15 185
1 1 1 1 1 1 1 1 1 V3
Twg = =M —M —Mso1 — =Myog — =Ms95 + =M, —M —Mgog — =Mgoy — — M ,
0= 5 114-1-2 223+2 321 — 5Ma20 = 5 2 +2 619+2 726+2 822 — 5Mo24 5 Mias
1 1 1 1 1 1 1 1 1 V3
Ty = -M Moy — =Mz — =M =M. =M, “Mroy — =M, =Moo — ~= M
=g 113-i-2 222 — 5M326 — 5 424-1-2 519+2 625+2 721 5 823+2 920 5 Mizis,
1 1 1 1 1 1 1 1 1 V3
Ty = =M Moy — =M M =M. = Mgoo — =M = Mgog — =Mgos — =M
2= 5 112-i-2 221~ 5 323+2 4194-2 524+2 620 ~ 5 722+2 826 — 51925 5 Mi21s,
1 1 1 1 1 1 1 1 1 V3
Tys = =M ~ M. =M. M = Ms a6 — =M, ~Mros — =Mgoy — =Mooy — M
375 111+2 220+2 319+2 423+2 526 ~ 5 621+2 725 = 5Ms21 = 5 Mo22 5 Miis,
1 1 1 1 1 1 1 1 1 V3
Twy = =M —Msy1g — =Msog — =Myog1 — =Ms99 — =Mgoz — =M7og — =Mgos — =Mgog — — M
“u=g 110 + g Mz19 = 5 Mz20 = 5 Mao1 = 5 Msa2 = 5Meos — 5 Mr2a — 5 Ms25 — 5 Moz 5 Mo1s,
Tus = M 1M 1M 1M +1M 1M —|—1M +1M +1M
45 = Mig = 5026 — 5 M2z — 5 Mizos + 5Mizeo = 5 Misza + 5 Mis2s + 5 Mie21 + 5 M7,

1 1 1 1 1 1 1 1
Tye = Mig — =Migas — zMi124 + zMigos — zMizo3 + Moo + = Mis20 + zMig19 — zMi721,

2 2 2 2 2 2 2 2
1

1 1 1 1 1 1 1
Tyr = My7 — —Miooa + - Mi125 — =Mooz + = Miz21 + Miaos + = Mis19 — =Mig20 — = Mi723,

2 2 2 2 2 2 2 2
1

1 1 1 1 1 1 1
Tyg = Mg — =Mio2s — =Mi121 + - Mi220 + Mizos + - Mia19 — =Mis26 — =Miga2 + =Mi724,

2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1
Ty = Mis — =Mooz + =Mi126 + =Mi22a + =Mig19 — = Miaos — mMis21 + = Mig23 — = Mi720,

2 2 2 2 2 2 2 2

1 1 1 1 1 1 1 1
Tso = Myy — =Mioo1 + =Mi123 + = Mio19 — =Migoa — = Miaoo + zMis20 — = Migae + - Mi72s,

2 2 2 2 2 2 2 2
1

1 1 1 1 1 1 1
T51 = M3 — §M1020 + =Mi119 — Mooz — = Miz96 + = Miso1 — = Misos + = Migoa + = Mi720,

2 2 2 2 2 2 2

1 1 1 1 1 1 1 1
Tso = Myo+ =Mig19 + =Mi120 + = Mi221 + = Mizoo + = Miso3 + - Miso4 + - Migas + = Mi7 26,

2 2 2 2 2 2 2 2

where M;; = E;; — Ej; are generators of so0 (26).
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B.3 Solution of the Yang-Baxter equation

tensI=Table|[KroneckerDelta|[kl, il |+ KroneckerDelta[k2,i2],{k1,26},{k2,26},{i1,26},{i2,26}];

tensP=Table [ KroneckerDelta|[kl,i2 |« KroneckerDelta[k2,i1],{k1,26},{k2,26},{il1,26},{i2,26}];

tensK=Table [ KroneckerDelta |kl ,6 k2| KroneckerDelta|il ,i2]|,{k1,26},{k2,26},{i1,26},{i2,26}];

tensC=Table [Sum[f4OrthonormalBase [[a,kl,il |]*f4OrthonormalBase [[a,k2,i2]],{a,52}],
{k1,26},{k2,26},{il ,26},{i2,26}];

tensS—Table | (tensC [[k1,k2,il,i2]]+ tensC [[k2,k1,il,i2]])/2,{k1,26},{k2,26},{il,26},{i2,26}];

tensAs=Table [(tensC [[k1,k2,il,i2]] —tensC [[k2,k1,il,i2]])/2,{k1,26},{k2,26},{il,26},{i2,26}];

params={al,a2,cl,c2,c¢3,d1,d2,pl,p2,p3};
tensR[x_ ][kl ,k2 ,il1 ,i2 ]:=tensR[x][kl,k2,il,i2]=
tensI [[kl,k2,i1,i2]]*( —xtalxx/(x—pl))+
tensP [[k1,k2,i1,i2]]*(14+a2xx/(x—pl))+
tensK [[k1,k2,i1,i2]]*(cl*x/(x—pl)+c2x*x/(x—p2)+c3*x/(x—p3))+
tensS [[k1,k2,il1,i2]]*(dlxx/(x—pl))+
tensAs [[k1,k2,i1,i2|]*(d2xx/(x—p2));

hasNoTensorsQ [s_|:=MemberQ[s,dl —>0]||MemberQ[s ,d2 — >0]|[MemberQ|s , c3 —>0];
hasZeroPolesQ [s_|:=MemberQ|s ,pl— >0]||MemberQ[s ,p2— >0]||MemberQ|s , p3—>0];
hasSamePolesQ [s_|:=MemberQ[s ,pl—>p2 || |MemberQ[s ,pl—>p3]]|]|

MemberQ|s , p2—>pl | | | MemberQ[s ,p2—>p3 | | |[ MemberQ| s , p3—>pl | | | MemberQ| s , p3—p2 | ;
goodSolnQ[s_|:=!(hasNoTensorsQ[s ||| hasZeroPolesQ[s ||| hasSamePolesQ[s]);

eqnYB [kl k2 k3 ,il_,i2 ,i3 |:=
Sum|tensR [u][kl,k2,j1,j2]xtensR[utv]|[jl,k3,il,j3|xtensR[v][]j2,]3,i2,i3]—
tensR[v][k2,k3,j2,j3]*«tensR[utv][kl,j3,jl,i3]*tensR[u][jl,j2,il,i2],{j1,26},{j2,26},{j3,26}];

coeffsl={};
Table[ coeffs1=Union|[ coeffs1 ,

Replace| CoefficientRules [Numerator | Together [eqnYB [kl ,k2 k3 ,il ,i2,i3]]] ,{u,v}],

{Rule[List [u_,v_],c |->c},2]];,

{k1,26},{k2,26},{k3,3},{il ,1},{i2,1},{i3,1}];
coeffs1=Union|[Table |[Expand | coeffsl [[i]]/ coeffsl [[i,1,1]]],{i,Length|[coeffsl]|}]];
coeffs1=SortBy[coeffsl ,Length|[#]|&];
solnsl=Select [ Simplify [Solve|coeffsl [[;;9]]==0,params]] , goodSolnQ [#]&];
solnPart[1l]={al—>-5xd1/2—pl,a2—>—1,d2—>d1 };

coeffs2=coeffsl /.solnPart [1];
solnPart[2]=Solve|[coeffs2[[1]]==0,{c3 }][[1]];

coeffs3=Sort[coeffs2 /.solnPart [2]];
solnPart [3]=Select [Solve[coeffs3 [[;;35]]==0,{cl,c2,pl,p2,p3,d1}],goodSolnQ[#]|&][[1]];

soln=solnPart [1];
For|[i=2,i<=3,i++,
soln=Join[soln /.solnPart[i],solnPart[i]];];

reqUnitary [mu_,k1 k2 il [i2 |:=
Sum|tensR [u][k1,k2,j1,j2]*tensR[—u][j1,j2,il,i2],{j1,26},{j2,26}]—
mu|u]* KroneckerDelta|[kl,il |« KroneckerDelta[k2,i2 |;
eqnUnitary=Union|[Flatten|[Table|(reqUnitary [mu,il ,i2 ,k1,k2]/.soln)==0,

{i1,3},{i2,3},{k1,3},{k2,3}]]];
solnUnitary=Solve[eqnUnitary ,mufu]];
C Solution with Eg symmetry

C.1 Construction of a basis for ¢

octBaseNames=Array [e, 8];
octBase=IdentityMatrix [8];
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octListForm [x_|:= Coefficient [x, octBaseNames |;
octMultiplicationTable={
{e[1],e[2],e[3],e[4] ,e[5],e[6],e[7],e[8]},
{6[2]7_6[1] 76[5] ,6[8],—6[3] 76[7]7_6[6]’_6[4]}7
{6[3]7_6[5]7_6[1] 76[6] ’6[2]7_6[4] 76[8]7_6[7]}>
{6[4],—6[8],—6[6],—6[1] 76[7] ,6[3],—6[5] 76[2]}7
{6[5] 76[3]’_6[2]’_6[7]7_6[1] 76[8] 76[4],—6[6]},
{6[6]7_6[7] 76[4]7_6[3]?_6[8]7_6[1] 76[2] 76[5]}>
{6[7] 76[6]7_6[8] 76[5]7_6[4]7_6[2]7_6[1] 76[3]}7
{e[8],e[4] ,e[7],—e[2],e[6],—e[5],—e[3],—e[1]}};
octProduct [x_,y |:=octListForm [Sum[x[[i]]*y[[]j]]* octMultiplicationTable [[i,]j]].{1,8},{j,8}]];
octConjugate [x_|:=Join[{x[[1]]}, —x[[2:;8]]];
octNormSquare [x_|:=Sum|x [[i]]~2,{i,8}];

jordanToR27[AA |:=Join]|
{AA[[1,1,1]]},AA[[1,2,15;8]] ,AA[[1,3,15;8]] ,{AA[[2,2,1]]} ,AA[[2,3,1;;8]] ,{AA[[3,3 ,1]]}];
r27ToJordan [vv_|:=Module[{al,a2,a3,0l1,02,03,0lc,02c,03c},
al=a2=a3=ConstantArray [0 ,8];
al [[1]]=vv[[1]];a2[[1]]=vv[[18]];a3[[1]]=vv[[27]];
ol=vv[[2;;9]];02=vv[[10;;17]];03=vv[[19;;26]];
olc=octConjugate [0l ]; 02c=octConjugate [02]; 03c=octConjugate [03];
{{al,0l,02},{0lc,a2,03},{02c,03c,ad}}];
octMatrProduct[a_,b_|:=Table[Sum|[octProduct[a[[i,k]],b[[k,j]]],{k,3}],{1,3},{j,3}];
jordanProduct[a_,b ]:=1/2(octMatrProduct[a,b]+octMatrProduct[b,a]);
r27Product [x_,y ]:=jordanToR27[jordanProduct [r27ToJordan [x]|,r27ToJordan [y ]]];

X=Array [x,27];
Y=Join[Array[y,26],{ —y[1] -y [18]}];
XY=r27Product [X,Y];

RYGeneralForm=Table | Coefficient [XY[[1]],x[j]],{i,27},{],27}];

ruleRenameParams=Table [y [ j|->KroneckerDelta[i,j]|,{1,26},{j,26}];
RYStandardBase=RYGeneralForm /.ruleRenameParams ;

killingForm [a_,b_|:=Sumla[[i,j]]*b[[]j,1]],{i,27},{],27}];

killingNormSquare [a_|:=killingForm[a,a];

killingProject [a_,b ]:=killingForm[a,b]/killingForm [b,b]*b;

RYOrthogonalBase={};

Table [ AppendTo|[ RYOrthogonalBase , RYStandardBase [[i]] —
Sum| killingProject [RYStandardBase [[i]] , RYOrthogonalBase [[j]]] ,{]j,i —1}]];,
{i,Length[RYStandardBase] }];

RYOrthonormalBase=Table [
Sqrt[6/ killingNormSquare [RYOrthogonalBase [[i]]]]* RYOrthogonalBase [[1]],{1,26}];
rot1=EE=IdentityMatrix [27];
vot1[[1]] = (EE[[1]] ~FE[[18]]) / Sart 2]
rotl [[18]]=(EE[[1]]+EE[[18]] —2+EE[[27]])/Sqrt[6];
rot1[[27]]=(EE[[1]]+EE[[18]]+EE[[27]])/Sart [3];
invRot1=Transpose[rotl |;
rot2=IdentityMatrix [27];
rot2[[1,1]]=rot2[[18,18]]=1/Sqrt[2];
invRot2=Inverse[rot2];
RYOrthonormalBase=Table [ Simplify [rot2.rotl.RYOrthonormalBase[[1]].invRotl.invRot2%I],{i,26}];
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